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SOME IDENTITIES OF ORDERED BELL NUMBERS ARISING
FROM DIFFERENTIAL EQUATION

GWAN-WOO JANG AND TAEKYUN KIM

ABSTRACT. In this paper, we study the methods for finding the solutions
of differential equations which are derived from the generating functions
of ordered Bell numbers. In addition, we give some new and interesting
identities of ordered Bell numbers arising from differential equations.

1. Introduction

It is well known that the ordered Bell numbers are defined by the generating
function to be

2—et an. see[ 8]). (1.1)
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From (1.1), we note that
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where Sa(n, k) is the Stirling number of the second kind (see [2,3,4,5,6]).
By comparing the coefficients on the both sides of (1.2), we easily get
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For » € N, we define the higher-order ordered Bell numbers which are given by
the generating function to be

I\ = 0t
(=) =2 o= (1.4)
n=0
Thus by (1.4), we get
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By (1.5), we get
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Some identities of ordered Bell numbers arising from differential equation

From (1.6) and (1.7), we have

b =3 <7“ + ﬁ - 1)1!52(71,1)

=0 (1.8)
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Recently, several authors have studied linear or non-linear differential equations
which are derived from the generating functions of special polynomials and they
give some new and interesting identities for the special polynomials arising from
linear or non-linear differential equations(see [1-7]). In this paper, we develop the
methods for doing find the solutions of differential equations which are derived
from the generating functions of ordered Bell numbers. In addition, we give some
new and interesting identities of ordered Bell numbers arising from differential
equations.
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2. Some identities of ordered Bell numbers arising from differential
equations

Let

F=F)= (2.1)

2—et’
Then, by (2.1), we get
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FO = —F(t) = T
el —242
C(2—et)? (2.2)
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From (2.2), we have

d d N2
@O (Z
= = () £

_ () 2 12 (1)
=-FWY 4+ 2°FF (2.3)
= —(—F +2F?) + 2°F(—F + 2F?)

= (—1)*F + (-1)(2+ 2%)F? + 23F3.
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Taking derivative on the both sides of (2.3), we have

d d\3
@ dpe_ (L
FO = ZF® = (5) F©
= (_1)2F(1) 4 (_1)(2 4 22)2FF(1) + 233F2F(1)
= (—1)2(=F + 2F?) + (=1)(2 + 22)2F(—F + 2F?) (24)
+233F2(—F + 2F?)
= (-1)PF+ (-1)22+ 22 +2%)F? + (—-1)3-2*F3 + 3. 2*F4,

Continuing this process, we get

d\N
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0= () Fo
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where
FFHl—FxFx.---xF,
N— —
k+1—times
Now, we take derivative with respect to ¢ on the both sides of (2.5).
Then we have
N
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=3 ()N Fay(N)(k+ 1)F*(—F + 2F?)
k=0
N N
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N N+1
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k=0 k=1
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= > (DN {(k + 1ag(N) + 2kaj_y (N)} FF
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By replacing N by N + 1 in (2.5), we get

N+1
F(N+1) — (_1)N7k+1ak(N + 1)Fk+1
k=0
N 2.7
— Z(il)N—k+lak(N+1)Fk+1 ( )
k=1
+ (1) lag(N + DF + aly VN2,
Comparing the coefficients on the both sides of (2.6) and (2.7), we have
ag(N + 1) = ap(N), (2.8)
an+1(N +1) =2(N + L)an(N) (2.9)
and
ag(N +1) = (k4 1)ag(N) + 2kar_1(N) where 1 <k < N. (2.10)
From (2.2), we note that
ap(l) =1 and a;(1) = 2. (2.11)

From (2.8), we have
ao(N +1) = ag(N) = ag(N — 1) = --- = ap(1) = 1, (2.12)
and by (2.9), we have

an+1(N +1) =2(N + Lan(N) =2(N + 1)(2Nan_1(N — 1))
=2(N +1)2N---2-2a;(1) (2.13)
=2NFI(N 4 1)L
For k=1 in (2.10), we have
a1 (N + 1) = 2a1(N) + 2ao(N)
=2(2a1(N — 1) 4+ 2ag(N — 1)) 4 2ag(N)
=220, (N — 1) 4 22a(N — 1) + 2a¢(N)

=2Na; (1) +2Nao(1) + - - - + 2'ag(N)
—oN+1 L oN | .. 419
N+1

= 22

i1=1

(2.14)
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For k = 2, we have

as(N + 1) = 3a3(N) + 2%a,(N)
= 3(3az(N — 1) + 2%a1 (N — 1)) + 22a;(NV)
=3%a3(N — 1) +3-2%a; (N — 1) + 2%a,(N)

=3""ay(2) + 3V 722%1 (2) + - - + 2%a1 (N)
=3NV=1224,(1) + 3V 2224, (2) + - - - + 2%a1(N)
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By (2.14) and (2.15), we get
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For k = 3 in (2.10), we have

CL3(N + 1) = 40,3(N) +2- 3a2(N)
= 4(4a3(N —1) + 2 3az(N — 1)) + 2 - 3a2(N)
=4%a3(N — 1) +4-2-3a3(N — 1) + 2 - 3az(N)

=4N"203(3) + 4N 732 3a(3) + - - + 2 - 3aa(N)
=4N"22.3a5(2) + 4V 732 3a2(3) + - - - + 2 - 3aa(N)
N-2 (2.17)
=2:3) 4%ay(N —iy)
i3=0
N-2 N—i3—2 N—izg—iz—1
=2.3) 42.20 Y- > o
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Continuing this process, for 1 < k < N, we have

ag (N + 1)
N—k+1 N—k+1—ig N—k+2—ip—-—is

D > 3 201 (k4 1),

i =0 ir—1=0 i1=1

(2.18)

Therefore, we obtain the following differential equations.

Theorem 2.1. Let N € N. Then the following differential equations,

N
FOO = 3 (1N Fa (V) FF,
k=0

have a solution F = F(t) = 52—, where

ag(N) =1, an(N)=2VN! and
N—k N—k—iy N—k+1—ip—---—i2

ak(N)=2k_1k'!Z Z Z 2i1__,k;ik71(k.+1)ik.

irp=0 ik_1=0 i1=1

By (1.1) and (2.1), we easily get
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From (1.4), (1.8) and Theorem 1.1, we have

N
F(N) — Z(_l)N—kak(N)FlH—l

_ i(_l)N_kak(N) (%)kJrl

— et

> N n

=> {Z(—l)N—’“ak<N>b;k“>} L
n=0 k=0 .
[e'e} N n

=> {Z(—l)N_kak(N)Z (k;rl>z'52( 1)}
n=0 (k=0 1=0
[e'e} N n

=2 {Z > (=D Far(v) (k N >l'52(n7l)}
n=0 k=0 (=0

n
n!

(2.20)

By comparing the coefficients on the both sides of (2.19) and (2.20), we get

N n
bupn =Y > (=) Fay(N) <k z+ l)usg(n, 0.

k=0 1=0

(2.21)

Now, we consider the inversion formula of Theorem 2.1. From (2.2), we have

2F? =F + F",
Take the derivative on the both sides of (2.22), we get
2.2FF1 = p) 4 P
and, from (2.22), we have
2.2F(—F +2F?) = F1) 4 p®),
Thus, by (2.24), we get
2221F* =2.2F% + F() 4 P
=2(F + FM)+ O 4 )
=2F +3FW 4 O,
Taking derivative on the both sides of (2.25), we have
2221 32 F(M) = oF() 4 3p(?) 4 pG)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)
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and, by (2.22), we get
2221 3F%(—F 4 2F?) = 2FW 4 3F® 4 ),
By (2.25) and (2.27) , we get
2%31F% = 3.22.21F3 4 2F M) 4 3F® 4 )

=32F +3FM 4+ F@) 4 oF® 4 3p@) 4 pG)

=6F +11FY 4 6F@ 4 FO).
Continuing this process, we have

2N NIFNFL = i ar(N)F®),
k=0

Take the derivative on the both sides of (2.29) with respect to t.
Then we have

N
2NNUN + 1)FNFM =" qp(N) PR,
k=0
From (2.22) and (2.30), we note that

N
2NNIN + )FN(—F +2F%) =) ax(N)F*H,
k=0
By using (2.29) and (2.31), we see that

N
VTN + IFNT2 =3 " ap (N)FEHD 4 (N + 1)2N NIV
k=0

N N
=> ap(N)FFD 4 (N 1)) ar(N)F®

k=0 k=0
N+1 N

=Y a1 (NFH + (N +1)Y ap(N)F®
k=1 k=0

N
a1 (N)F®) + (N +1) > ap(N)F®
k=1 k=1
+an(N)FNFY 4 (N + 1)ag(N)F

I
WE

(ak_1(N) + (N + )ag(N)) F®

M=

k=1
+ an(N)FNFY 4 (N 4 1)ag(N)F.
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By replacing N by N+1 in (2.29), we get

N+1
NN + IFNF2 = 3 " ap (N + 1) FX). (2.33)
k=0

Comparing the coefficients on the both sides of (2.32) and (2.33), we have
ao(N +1) = (N + Dag(N), anys1(N +1) =an(N), (2.34)
and
ap(N +1) = (N + 1ag(N) + ap—1(N), (1<k<N). (2.35)
By (2.22) and (2.29), we get
2'MNF? = F 4+ FY = qg(1)F + a; (1)FD, (2.36)
From (2.36), we have
ap(l) =1 and a1(1) = 1. (2.37)
Thus, by (2.34) and (2.37), we get
ao(N +1) = (N +1)ag(N) = (N + 1)Nag(N — 1) = - --

C(NADN - 200(1) = (N4 N2 1= (N +1), 239
and
an+1(N+1)=an(N)=an1(N-1)=---=a1(1) = 1. (2.39)
For k=1 in (2.35), we have
ai(N +1) = (N + a1 (N) + ao(N)
= (N +1)(Nai(N — 1) + ag(N — 1)) 4 ao(N)
= (N +1)Na;(N = 1) 4+ (N + 1)ag(N — 1) + ag(N)
=N +1)nar(1) + (N +1)n-1a0(1) + -+ + ag(N)
= (N 4+ 1)nao(0) + (N 4+ 1) y_1ag(1) + - - - + ag(N) (2.40)
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For k = 2, we have

az(N +1) = (N + 1)az(N) + ai1(N)
= (N +1)(Nax(N — 1) + a1 (N — 1)) 4+ a1 (N)
+1)Naa(N — 1)+ (N + Day (N — 1) + a1 (N)

I
B

+1)n-102(2) + (N +1)Ny_201(2) + -+ + a1(N)
+1)n-101(1) + (N +1)Ny-201(2) + -+ + a1 (N)

EE

2

(2.41)
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For k = 3 in (2.35), we have

ag(N +1) = (N + 1)az(N) + az(N)
=(N+1)(Nazg(N-1)+a (N 1)) + a2(N)
(N +1)Nag(N — 1) + (N + L)az(N — 1) + az(N)

(N +1)n-2a3(3) + (N + 1)n—3a2(3) + -+ + az(N)
= (N +1)n-202(2) + (N + 1)n-3a2(3) + - + az(N)
N-—

2 (2.42)
Z YN—ig—20a2(is + 2)

i3=0
N-2 i3 Qo
= (N+ )N i3—2 Z Z l3 + 2 7,3 12(712 + l)zz 1121
i3=0 19=014,=0
N-2 i3

= Z Z Z N+ N i3— 2(l5+2)7«3 22(22+1)zz 1121 .

i3=0 2= =0 21—0



396 G-W Jang and T. Kim

Continuing this process, for 1 < k < N, we have,

N—k+1 ik
N+1) Z Z Z N+1)N i — k+1(’lk+k )Zk—ik—l
1,=0 ir_1=0 11=0
X oo X (i + 1)y iy 1! (2.43)
N—k+1 ik i N + 1

=2 > X m

=0 ix_1=0 i;=0llj= 17’J+J)
Therefore, we obtain the following theorem.
Theorem 2.2. (Fundamental identity) For N € N, we have
N
NNIFNTL =3 " ay (N)FH),

k=0
where aO(N) = NI, aN(N) =1, and

k
7k2:07k21:0 zlz:() (7’] +])

From Theorem 2.2, we note that

1 N+1
2 — et)

n
_oN vt
=2 N'Zb o (2.44)

n=0

N NIFN+1 — 2NN!(

_ Z 2NN!b(N+1)t_
n n!7

n=0

and

N
NNIFNTL =% " ay,(N)FX)

k=0
N ANk oS m
=I§ak(1v)(§) T;bna (2.45)
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By (1.3), (2.44) and (2.45), we easily get

1

N
VNN =3 " a(N)bnsk

x>
(=}

n+k

ar(N) > 1Sy (n +k,1)
=0

(2.46)
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